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Oxygen transport from a capillary to skeletal muscle tissue is a complex process that 
involves convective and diffusive mechanisms to deliver adequate oxygen to meet tissue metabolic 
activities.  Typically, oxygen uptake in tissue is set by oxygen demand, which is set by metabolic 
activity.  The relationship between the oxygen consumption (VO2) of an isolated perfused tissue 
and the rate of delivery of oxygen (QO2) to the tissue has been a subject of interest to many 
investigators over the past century.  Experiments have shown that there is a critical value of QO2 
below which tissue VO2 begins to decline.  The Michaelis-Menten kinetics model for oxygen-
dependent oxygen consumption is investigated as a modeling assumption in a computational study 
of oxygen transport from capillaries to skeletal muscle tissue using the Krogh cylinder model.  The 
work presented in this thesis extends Schumacker and Samsel’s computational model to include 
the more accurate Michaelis-Menten kinetic description of the oxygen tension (PO2) dependence 
of VO2, using the parameter km, the PO2 for half-maximal VO2.  This study aims to predict the 
relationship between oxygen consumption and oxygen delivery by considering the oxygen 
transport processes at the microvascular level.  The dependence of oxygen consumption on oxygen 
delivery, critical oxygen extraction, critical oxygen delivery, and tissue oxygen tension profiles 
 7 
were examined as a function of km.  The critical oxygen delivery was found to depend on km, 
increasing nonlinearly as km increases.  The fractional oxygen extraction at the critical QO2 varied 
inversely with km.  The venous oxygen partial pressure (PvO2) also varied with km.  Finally, the 
predicted radial profile of tissue oxygen tension at the critical QO2 depended on km.  At lower 
critical oxygen delivery and at lower km, the critical radial distance at which tissue oxygen partial 
pressure was found to be km occurred closer to the end of the capillary.  The present results suggest 
that the value of km influences the relationship between tissue oxygen consumption and oxygen 
supply as the oxygen delivery is reduced to the critical point.  Ultimately, km becomes the 
fundamental parameter that specifies how oxygen consumption depends on oxygen tension instead 

















 The orchestrated work between the respiratory and cardiovascular systems helps to ensure 
the achievement of adequate energy production for cells by the metabolic action of mitochondria 
when the oxygen supply is adequate.  The diffusion of oxygen from the alveoli to the pulmonary 
capillaries of the lung, oxygenates the blood, where it is pumped through the circulatory system 
by the heart (Costanzo, 1998).  The oxygen in the red blood cells is carried by the protein 
hemoglobin, which is composed of four subunits, each with a heme group and a globin chain.  
Each of the four heme groups has an iron (Fe) atom in its center, which is the binding site for the 
oxygen carried in the blood to the body’s organs (Pittman, 2016).  Oxygen transport from capillary 
blood into the surrounding tissue occurs by passive diffusion that is driven by oxygen partial 
pressure gradients from the capillaries into the tissue.  The oxygen is released from hemoglobin, 
where it diffuses from the red blood cell into the interstitial fluid, and moves across cell membranes 
and is then consumed by the mitochondria (Pishchany, 2012).  The relationship between oxygen 
saturation (i.e., fraction of binding sites on hemoglobin occupied by oxygen) and oxygen partial 
pressure is described by the oxygen dissociation curve, where increases in oxygen partial pressure 
are related to increases in oxygen saturation or oxygen binding to hemoglobin.  This curve is said 
to have a sigmoid shape, which illustrates the cooperative nature of oxygen binding to hemoglobin.  
Hemoglobin is highly saturated with oxygen in oxygen-rich blood, while reduction in blood 
oxygen partial pressure reduces the oxygen saturation, as oxygen is unloaded from red blood cells 
(Pittman, 2016).  Within a cell, the oxygen partial pressure decreases as the mitochondria consume 
oxygen to produce energy, in the form of ATP, and thus, more oxygen diffuses from the interstitial 
fluid into the cell (Costanzo, 1998). 
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In skeletal muscle the transport of oxygen from the blood to the muscle tissue and finally 
to the mitochondria, where it is consumed, is a complex process, which involves convective and 
diffusive mechanisms to deliver adequate oxygen to meet tissue metabolic activities.  The classical 
work of August Krogh from a century ago is usually assumed in many theoretical investigations 
of oxygen transport to tissues.  Krogh’s model made a number of simplifying assumptions:  1) in 
regard to oxygen transport, a tissue can be considered to be a collection of identical, parallel 
capillaries, each surrounded by a cylinder of homogeneous tissue; 2) one capillary supplies oxygen 
to the surrounding cylindrical tissue; 3) each capillary provides same amount of oxygen to the 
tissue; 4) oxygen tension within the capillary is uniform; 5) oxygen consumption is uniform in the 
tissue; 6) oxygen diffuses radially away from the capillary into the tissue; and 7) the flux of oxygen 
between tissue cylinders is zero thus eliminating the possibility of diffusive interactions between 
neighboring capillary/tissue cylinder units. 
 Normally, oxygen uptake in a tissue or the whole body is set by oxygen demand, which is 
in turn set by metabolic activity.  Fick’s principle can be applied to oxygen transport in the whole 
body, in an individual organ, or in a single microvessel (e.g., capillary) and the adjacent tissue it 
supplies.  At the level of a Krogh tissue cylinder surrounding a single capillary, Fick’s Principle 
states that “The amount of a substance consumed per unit time in a blood perfused tissue is equal 
to blood flow (Qc, flow in a single capillary) times the difference in arterial ([O2]a) and venous 
([O2]v) concentrations of the substance,” and can be stated succinctly in the following expression: 
 ?̇?𝑂2 =  ?̇?𝑐 ( [𝑂2]𝑎 −  [𝑂2]𝑣)   
Multiplying and dividing the right-hand side of the equation by  [𝑂2]𝑎  
?̇?𝑂2 =  ?̇?𝑐  [𝑂2]𝑎 (
 [𝑂2]𝑎−  [𝑂2]𝑣
 [𝑂2]𝑎
)     
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Where the term ?̇?𝑐  [𝑂2]𝑎 is the oxygen delivery in the capillary, which is the amount of oxygen 
delivered per unit time to the capillary, (
 [𝑂2]𝑎−  [𝑂2]𝑣
 [𝑂2]𝑎
) is the oxygen extraction ratio, which is the 
fraction of oxygen removed from the arterial blood entering the capillary.  Fick’s principle defines 
the two components of oxygen transport:  oxygen delivery, which represents the convective 
transport of oxygen determined by arterioles, and the oxygen extraction, which corresponds to the 
diffusion of oxygen to the tissue across the wall of the capillary.  Under physiological conditions, 
oxygen exchange in the tissues is usually considered to be flow limited (Pittman, 2016).  The 
oxygen delivery can be modified by blood flow determined by arteriolar tone, whereas the oxygen 
extraction can be modified by altering capillary density (related to intercapillary distance) or the 
surface area of the capillary.  When the oxygen delivery is altered, oxygen consumption is 
maintained by reciprocal changes in oxygen extraction in an oxygen supply-independent phase.  
However, in the supply-dependent phase, oxygen uptake is found to decrease when the oxygen 
delivery decreases below the critical level (Schumacker & Samsel, 1989). 
Previous experimental studies showed that the relationship between measured oxygen 
uptake at oxygen deliveries below the critical point has a linear relationship (Shibutani, 1983; 
Schumaker, 1987; Samsel, 1988; Eichacker, 1990).  Schumacker’s study suggested that in a Krogh 
cylinder model, oxygen supply limitation begins when the oxygen tension at the end of the 
capillary falls to point where oxygen diffusion from the capillary to the tissue cylinder surface is 
inadequate to maintain aerobic metabolism.  Beyond the critical point of PO2 = 1mmHg, which is 
too low to support tissue oxygen consumption and leads to a hypoxic region, occupying nearly 
20% of the cylinder volume.  Schumacker suggested that this linear relationship below the critical 
QO2 point in stagnant hypoxia is due to a proportional decrease in the volume of aerobic tissue 
and therefore corresponds to a nearly linear decrease in overall tissue oxygen consumption 
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(Schumacker, 1989).  In a previous study, Schumacker suggested that this linear relationship is a 
result of the tissue extraction that cannot increase below the critical delivery in proportion to the 
reduced delivery and oxygen consumption falls (Schumacker, 1987).  However, other studies have 
shown that below the critical oxygen delivery, oxygen extraction can increase further (Cain, 1983), 
while another study reported that the oxygen extraction ratio at that threshold is the maximum 
(Cain, 1983). 
Observations of heavily working human muscles have shown a venous blood oxygen 
saturation in the range of 15–30%, showing that extraction of oxygen is incomplete as a result of 
limited oxygen diffusion (Andersen, 1985; Rowell, 1986; Richardson, 1993; Richardson, 1995 ).  
Complete oxygen extraction would result in lower value of oxygen tension in the venous blood, 
which would not be high enough to support robust oxygen diffusion.  In tissue with high oxygen 
demand, such as maximally working skeletal muscle, the maximum distance that oxygen can 
diffuse to the tissue from the capillary decreases with increasing oxygen uptake to match the 
oxygen demand of that tissue.  A limitation of oxygen demand is the maximum rate of turnover of 
enzymes in the Krebs cycle that may limit the oxygen consumption in maximally working skeletal 
muscle.  Blomstrand’s study suggested that, of the Krebs cycle enzymes only oxoglutarate 
dehydrogenase showed a maximum activity and full activation during one-legged knee extension 
exercise, and thus, showed a correlation between oxoglutarate dehydrogenase and maximum 
oxygen consumption (Blomstrand, 1997).  Additionally, oxygen diffusion to the mitochondria is 
one of the factors limiting the maximum oxygen consumption.  Therefore, these limitation factors 
may all play a part in determining the maximum oxygen uptake. 
Other studies have shown that oxygen uptake is dependent on blood flow.  Bulkley showed 
that oxygen consumption is independent of blood flow until the flow is below 30 ml/min/100 g, at 
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which point the oxygen uptake by canine small intestine showed a marked flow-dependence 
(Bulkey, 1985).  Similarly, Hughson’s study on the onset of forearm exercise was influenced by 
muscle blood flow, which was tested with the arm either above or below heart level to modify 
perfusion pressure.  Data that were obtained from different exercise intensities resulting in either 
minimal or moderate elevations of venous blood lactate, supported his hypothesis that oxygen 
consumption can be limited by the availability of oxygen.  He has established that there is a 
significant positive correlation and a strong dependency of oxygen consumption on blood flow in 
forearm muscle (Hughson, 1996).  More recent findings by Kalliokoski indicated that there is a 
good correlation between blood flow and oxygen consumption in different muscles during 
exercise, and that endurance-trained men might have a stronger correlation than untrained men.  
The data on blood flow and oxygen consumption in quadriceps femoris muscle in both trained and 
untrained individuals supported Kalliokoski’s hypothesis (Kalliokoski, 2004). 
Of the cellular respiration that occurs in mitochondria, more than 95% of the oxygen is 
consumed to produce energy (i.e., ATP) regardless of the oxygen concentration, unless the oxygen 
tension falls below 1 mmHg (Wilson, 1985).  Under physiological conditions, this suggests that 
oxygen consumption is independent of oxygen partial pressure until almost all the oxygen at the 
location in question is used up.  Many in vitro studies measured oxygen consumption rates in 
mitochondrial suspensions and showed cellular respiration would be maintained at either relatively 
low or high oxygen concentrations as long as the oxygen partial pressure was above the critical 
level of 1 mmHg. (Wilson, 1988).  In a recent vivo study, Gloub and Pittman (2012) developed an 
approach to study the oxygen dependence of respiration in a skeletal muscle in situ, using oxygen 
partial pressure measurements in interstitial fluid made with phosphorescence quenching 
microscopy and rapid pneumatic compression of the tissue.  The study suggested that the 
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mitochondria do not function in an on/off or all-or-nothing manner, but rather in a more graded 
manner over the entire range of physiological oxygen partial pressure (Golub & Pittman, 2012).  
A good representation of the oxygen dependency of mitochondrial respiration is assumed to be a 
“pseudo” Michaelis-Menten kinetics, which allows the maximal rate of consumption to be Vmax, 
and the half-maximal rate to occur at PO2 = km.  In Wilson’s study, this PO2 dependence of oxygen 
consumption suggested that km would be well below 1 mmHg, while in Golub & Pittman study, km 
in the rat spinotrapezius muscle was approximately 10.5 mmHg.  Based on these experiments and 
analysis, the rate of oxygen consumption appears to vary over a much wider range of physiological 
oxygen partial pressure levels than previously thought. 
 The aim of this project was to use a computational model for oxygen transport from a 
capillary to the tissue in a Krogh cylinder to study and predict the dependence of oxygen 
consumption on oxygen delivery for a range of km.  A wide range of oxygen delivery is considered 
under conditions of high oxygen demand in which a significant fraction of the tissue volume 
becomes hypoxic, specifically, in stagnant hypoxia.  The mathematical quantification of tissue 
oxygen delivery and consumption was based on systemic parameters, like cardiac output, blood 
oxygen partial pressure, arterial oxygen saturation, blood oxygen concentration, and venous 
oxygen partial pressure.  As in the Krogh cylinder model, the capillaries are assumed to be parallel, 
unbranched, and each capillary supplies oxygen to a surrounding uniform cylindrical tissue.  In  
previous in vivo studies, it was demonstrated that the dependency of oxygen consumption of 
skeletal muscle cells was on oxygen tension over a wider physiological range than previously 
proposed (Golub, Pittman, 2012).  Oxygen consumption is assumed to depend on oxygen partial 
pressure according to Michaelis-Menten kinetics, where a range of km values were used, and the 
results are compared with those of Schumacker & Samsel (1989) and other previous studies. 
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Materials and Methods 
The Assumptions of the Model  
A mathematical model of oxygen tension distribution in a tissue cylinder was modeled 
using the assumptions proposed by August Krogh (Krogh, 1919).  Krogh’s cylinder model 
describes the oxygen transport in a microvascular unit consisting of a single capillary that supplies 
oxygen to a cylindrical tissue surrounding it.  The prediction of Krogh’s model, with several 
additional assumptions, was obtained with the assistance of his colleague, the mathematician Mr. 
K. Erlang.  The assumptions may be set as the following: 
• The capillary is uniform in dimensions, straight, and along the axis of each tissue 
cylinder. 
• All capillaries are parallel, unbranched, and equally spaced. 
• Tissues are identical, independent, parallel cylinders. 
• The diffusive oxygen flow from the capillary is axially symmetric. 
• At the surface of the capillary, the oxygen tension is constant, and the oxygen demand is 
uniform along the capillary length. 
• The oxygen tension of the tissue at the capillary wall equals average oxygen tension 
inside the capillary. 
• The oxygen consumption of the tissue is constant and uniform. 
• The transfer of oxygen to the tissue is by diffusion only, and the diffusion constant is the 
same throughout the tissue.  
• All microvascular oxygen transport phenomena are steady-state. 
• Blood is a homogeneous fluid moving by plug flow and with complete radial mixing. 
• Axial or longitudinal diffusion of oxygen in the tissue is not significant. 
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Selection of parameters. (Schumacker & Samsel) 
 The dimensions of the capillary were assumed to be a radius of 5 m and a length of 
500 m.  The tissue radius was one-half of the intercapillary distance of 80 m.  The estimated 
total blood volume was 500 ml, which corresponds to 1.27×1010 capillaries in a whole dog’s body.  
The resting oxygen consumption was assumed to be 5×10-3 ml O2/min/g tissue.  The oxygen 
diffusion coefficient in tissue was reported by Krogh as 2.1×10-8 cm2 min-1  mmHg-1.  The cardiac 
output was 5000 ml/min, the hemoglobin concentration was 15 g/dl and the oxygen binding 
capacity was 1.34 mlO2/gHb (Fig. 1).  A summary of all parameters that were used are shown in 
Table. 1. 
 
Capillary length (L) 500 m 
Capillary radius (rc) 5 m 
Tissue length (L) 500 m 
Tissue radius (R) 40 m 
oxygen consumption (V̇O2) 5×10-3 ml/min/g 
diffusion coefficient (DO2) 2.1×10-8 cm2 min-1  mmHg-1 
hemoglobin concentration (Hb) 15 g/dl 
oxygen binding capacity (CHb) 1.34 mlO2/g Hb 
Cardiac output (CO) 5000 ml/min 
Total number of capillaries 1.27×1010 
Blood flow (Qc) 3.9370×10-7 ml/min 




Figure. 1.  Schematic of Krogh tissue model, that shows the tissue cylinder radius R= 40 m (half 
of intercapillary distance of 80 m), capillary radius rc = 5 m, the total length of the capillary and 
tissue cylinder L= 500 m, the differential disc thickness dx =5 m, which was used in numerical 
integration of 100 steps along the capillary, the oxygen content at the arterial and venous ends of 




I. Schumacker model 
 
 
i. Model of the Oxygen Tension, Oxygen Saturation, and Oxygen Content 
 
The tissue cylinder and the capillary were partitioned longitudinally into equally spaced 
differential discs of 100 steps, so that each disc had a thickness of 𝑑𝑥 = 5 μm.  The oxygen tension 
of the tissue then was computed with initial blood oxygen tension of 100 mmHg.  Using the Krogh-
Erlang equation, the oxygen tension at tissue surface as a function of radial distance from the 
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 is the blood oxygen tension at the location 𝑥 along the capillary, ?̇?𝑂2 is 
the rate of oxygen consumption per unit of tissue volume, 𝐷𝑂2is Krogh’s diffusion coefficient, R 
is the tissue radius, 𝑟𝑐 is the capillary radius, r is the radial distance from the axis of the capillary 
to an arbitrary radial position in the tissue. 
The oxygen saturation was computed for the blood in each disc by an equation (digital 
computer subroutine) that was proposed by Kelman (Kelman, 1966), which converts the oxygen 
tension to a saturation (i.e., the O2 dissociation curve). 





      (Eq. 2) 
Where 𝑥 is the blood oxygen tension in the capillary; the values of the coefficients 𝑎1 …𝑎7 are 
















Table. 2 . The constant values of the coefficients 𝑎1 …𝑎7 , which were determined by curve-
fitting technique in least-squares sense of oxygen tension and saturation (Kelman, 1996)     
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The steady-state mass balance equation was used to describe the gas exchange at any point x 
along the capillary, and can be written for O2 as: 
?̇?𝑂2
𝑖𝑛 = ?̇?𝑂2
𝑜𝑢𝑡 + ?̇?𝑂2       (Eq. 3) 
Which can be written as: 
?̇?𝑐 ∙ 𝐶𝑂2(𝑥) =  ?̇?𝑐 ∙ 𝐶𝑂2(𝑥 + 𝑑𝑥) + ?̇?𝑂2 ∙ 𝐴 ∙ 𝑑𝑥      (Eq. 4) 
Where ?̇?𝑂2
𝑖𝑛  is the oxygen delivery into the capillary, ?̇?𝑂2
𝑜𝑢𝑡 is the oxygen delivery out of the 
capillary, ?̇?𝑂2 is the oxygen consumption, ?̇?𝑐 is the capillary blood flow, 𝐶𝑂2(𝑥) and 𝐶𝑂2(𝑥 + 𝑑𝑥) 
are the blood oxygen contents at the location 𝑥 and the differential increment 𝑑𝑥 in the longitudinal 
distance, and 𝐴 is cross-sectional area of the oxygen-consuming tissue.  The equation for the 




= −?̇?𝑂2 ∙ 𝐴(𝑥) ∙  ?̇?𝑐        (Eq. 5) 
 
𝐶𝑂2(𝑥 + 𝑑𝑥) = 𝐶𝑂2(𝑥) − ?̇?𝑂2 ∙ 𝐴 ∙ (𝑑𝑥) ∙  ?̇?𝑐        (Eq. 6) 
 
Where    𝐶𝑂2(𝑥) = 𝐻𝑏 ∙ 𝐶𝐻𝑏 ∙ 𝑆𝑂2(𝑥)      (Eq. 7) 
 
and    𝑆𝑂2(𝑥 + 𝑑𝑥) = 𝑆𝑂2(𝑥) − 
?̇?𝑂2∙𝐴∙(𝑑𝑥)
 𝐻𝑏∙𝐶𝐻𝑏∙?̇?𝑐 





ii. The method of solution 
 
 
At the entry of the blood into the capillary, the oxygen tension was set at 100 mmHg and 
substituted in Eq. 1 to calculate the oxygen tension associated with the first disc at the surface of 
tissue.  The oxygen saturation at the entry of the blood into the upstream face of the disc was 
calculated from Eq. 2, and oxygen content from Eq. 7.  The corresponding values for the following 
disc were computed by calculating the oxygen content from the previous disc using Eq. 7 and 
substituting it into Eq. 6; then the oxygen saturation from the previous disc was calculated using 
Eq. 2 and substituting it into Eq. 8.  Then, a linear interpolation was used in MATLAB to 
numerically solve for the local blood oxygen tension for the next disc.  Finally, the new local blood 
oxygen tension was substituted into Eq. 1 to compute the oxygen tension of the new disc (Fig. 2).  




















𝑆𝑂2(𝑥 + 𝑑𝑥) 







?̇?𝑂2 ∙ 𝐴 ∙ (𝑑𝑥) 
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iii. Oxygen delivery and uptake relationship 
 
 
The relationship between oxygen delivery and uptake was then studied under conditions of 
stagnant hypoxia by decreasing oxygen delivery in stages and calculating the oxygen uptake.  This 
was performed by lowering the cardiac output from 5000 ml/min in stages to about 5% of its initial 
value, while the oxygen content was maintained.  The oxygen delivery was computed using the 
following formula:  
?̇?𝑂2 = 𝐶𝑎𝑂2 ∙   ?̇?𝑐       (Eq. 9) 
Where ?̇?𝑂2  is the oxygen delivery, 𝐶𝑂2  is the oxygen content, and ?̇?𝑐 is the blood flow.  In the 
Schumacker model, at each stage of lowered cardiac output, the oxygen consumption was 
computed depending on the cross-sectional area that was associated with the aerobic tissue, where 
𝑃𝑂2𝑆𝑢𝑟𝑓𝑎𝑐𝑒
> 1𝑚𝑚𝐻𝑔, as a function of the distance along the capillary, and the ?̇?𝑂2 was considered 
normal.  However, if the blood oxygen tension fell to the level where the 𝑃𝑂2𝑆𝑢𝑟𝑓𝑎𝑐𝑒
< 1𝑚𝑚𝐻𝑔, the 
cross-sectional area shrunk to include only the aerobic tissue at some distance r* away from the 
capillary axis, and the oxygen consumption, ?̇?𝑂2, was calculated in the aerobic tissue at a radial 
distance of rc -r* ; however, there was no oxygen consumption in the anaerobic cross-sectional 
area of the tissue r*-R .  This radial distance, r*, was computed using Eq. 1 by the Newton-Raphson 
method in MATLAB, where r* was partitioned radially into equally spaced concentric rings of 











Figure. 3.  Diagram illustrates the radial distance and variables in the cross-sectional area. 
 
 
II. Michaelis-Menten model of oxygen consumption 
 
The Michaelis-Menten model was used to investigate oxygen tension dependence on oxygen 
consumption.  Krogh’s assumptions, equations (Eqs. 1-9) and the computational procedure of the 
Schumacker model was followed in computing blood and tissue oxygen tension, oxygen 
saturation, oxygen content and oxygen delivery.  However, the oxygen consumption was assumed 
to depend on the oxygen tension according to Michaelis-Menten kinetics.  Using the solution to 










) = 𝑉𝑚𝑎𝑥              (Eq. 10) 
Where 𝐷𝑂2 is the Krogh diffusion coefficient, P is the oxygen tension at a radial distance of r* 
within the tissue cylinder, and 𝑉𝑚𝑎𝑥 is the maximum oxygen consumption rate per unit volume of 
the tissue cylinder.  The boundary conditions for Eq. 10 are: 
         B.C. 1.   at r = rc.     ,   PO2 = Pc  
         B.C. 2.   at r = R     ,   
𝑑𝑃
𝑑𝑟




The tissue cylinder was divided into two radial regions to be considered for this model as the 
following: 
Region I:   rc ≤ r ≤ r*     where       𝑘𝑚 ≤ PO2     ,    ?̇?𝑂2 = 𝑉
𝑚𝑎𝑥  





The equations for oxygen diffusion in the tissue cylinder for these two regions are: 










) = 𝑉𝑚𝑎𝑥              (Eq. 11) 









          





+ 𝐶1 ln 𝑟 + 𝐶2       (Eq. 12) 
Where 𝑃𝐼(𝑟) is the oxygen tension in region I at the radial distance of rc to r* within the tissue 
cylinder, 𝐷𝑂2 is the Krogh diffusion coefficient, 𝑉
𝑚𝑎𝑥 is the maximum oxygen consumption rate 
per unit volume of the tissue cylinder, and 𝐶1 and 𝐶2 are constants to be determined from the 
boundary conditions. 










) = 𝑉𝑚𝑎𝑥 ∙
𝑃𝐼𝐼
 𝑘𝑚
            (Eq. 13) 










) − 𝑉𝑚𝑎𝑥 ∙
𝑃𝐼𝐼
 𝑘𝑚
= 0       (Eq. 14) 





The equation of the standard form is a second order differential equation using cylindrical 
coordinates and the solution to this equation yields Bessel functions. 
𝑃𝐼𝐼(𝑟) = 𝐶3𝐼𝑜(𝑏𝑟) + 𝐶4𝐾𝑜(𝑏𝑟)   (Eq. 15) 
Where 𝑃𝐼𝐼(𝑟) is the oxygen tension in region II at the radial distance of r* to R within the tissue 
cylinder, Io is a modified Bessel function of the first kind and zeroth order, Ko is a modified Bessel 
function of the second kind and zeroth order, C3 and C4 are constants. 
There are four boundary conditions that are used to determine values of the four constants, which 
are  
B.C. 1       at  r = rc ,           PI(r)= Pc 
B.C. 2       at  r = r* ,           PI(𝑟
∗)= PII(𝑟
∗)  Continuity of PO2 at the boundary. 










  Continuity of O2 flux at the boundary. 





= 0  No O2 flux at the surface of tissue cylinder. 
 
Applying the boundary conditions, a set of the linear equations were obtained which were solved for 
the four constants, C1 –C4. 




+ 𝐶1 ln 𝑟𝑐 + 𝐶2   =     𝑃𝑐     




+ 𝐶1 ln 𝑟
∗ + 𝐶2 =    𝐶3𝐼𝑜(𝑏𝑟
∗) + 𝐶4𝐾𝑜(𝑏𝑟
∗) 






 =     𝐶3 𝑏𝐼1(𝑏𝑟
∗) − 𝐶4𝑏𝐾1(𝑏𝑟
∗) 




The following expressions for the boundary conditions were used to solve for constants C1 – C4 





B.C. 2      𝐶1 ln 𝑟
∗ + 𝐶2 − 𝐶3𝐼𝑜(𝑏𝑟
∗) − 𝐶4𝐾𝑜(𝑏𝑟


















Substitute B.C. 4 into B.C. 2 and B.C. 3 to get the linear equations for C1 – C3; the three equations 
for these constants are: 









































Rewrite the linear equations to get: 


















Solve for these three simultaneous linear equations for C1 – C3 using determinants: 
𝐷 = [
ln 𝑟𝑐 1 0
ln 𝑟∗ 1 −𝐴2
1 0 −𝐴3
] = 𝐴3 ln (
𝑟∗
𝑟𝑐
) − 𝐴2 



























































































 ) (−𝐴3 ln (
𝑟∗
𝑟𝑐
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The resulting differential equation was nonlinear; however, an approximation was made for the 
Michaelis-Menten kinetic equation for oxygen consumption in the tissue cylinder as a piecewise 
linear expression with two regions:  a PO2-independent region at which km < PO2 in Region I, and 
a PO2-dependent region at 0 < PO2 < km in Region II. 
The tissue oxygen consumption of region I, PO2-independent, was associated with the cross 
section of the tissue cylinder, i.e., 
?̇?𝑂2 = 𝑉
𝑚𝑎𝑥  𝜋( 𝑟∗
2
− 𝑟𝑐
2)𝑑𝑥          (Eq. 16) 
The oxygen consumption per unit length of region II, PO2-dependent, was founded by numerically 




 ∙ 2𝜋 ∙ 𝑑𝑥 ∫ 𝑃𝐼𝐼(𝑟) 𝑟 𝑑𝑟
𝑅
𝑟∗
  (Eq. 17) 
The total oxygen consumption for one disc was computed as: 
 
?̇?𝑂2 = ?̇?𝑂2(𝐼) + ?̇?𝑂2(𝐼𝐼)                    (Eq. 18) 
 
Where ?̇?𝑂2(𝐼) is the oxygen consumption for region I , and ?̇?𝑂2(𝐼𝐼) is the oxygen consumption for 
region II. This equation was computed for every disc along the capillary, where the oxygen 
consumption for region I, ?̇?𝑂2(𝐼), was computed from (Eq.16), and oxygen consumption for region 
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II, ?̇?𝑂2(𝐼𝐼), was computed from (Eq.17). The results were then plotted against the oxygen delivery 






 The oxygen delivery and consumption model of Schumacker and Samsel (1989) was 
repeated and numerically solved in MATLAB to compare it with the assumed Michaelis-Menten 
oxygen consumption kinetics, and a graph was produced (Fig. 4).  To assess the sensitivity of the 
oxygen delivery and consumption to the assumed Michaelis-Menten oxygen consumption kinetics, 
calculations using a range of values of km were carried out with the approximation that local oxygen 
consumption was the maximum for PO2 greater than km; then, for PO2 < km, the oxygen 
consumption is given by Eq. 17.  Figure. 4 shows the comparison of the effect of the Schumacker 
and Samsel model and the assumed Michaelis-Menten oxygen consumption kinetics on the 
relationship between oxygen consumption and delivery during stagnant hypoxia by increasing the 
values of km.  Oxygen consumption remained constant and in a supply-independent phase in both 
models until a critical oxygen delivery was reached.  Below this critical oxygen delivery point, a 
linear fall of oxygen consumption was associated with a reduction of oxygen delivery in a supply-
dependent phase in Schumacker and Samsel model.  However, for Michaelis-Menten oxygen 
consumption kinetics, increasing the value of km , led to a non-linear relationship between oxygen 
consumption and oxygen delivery below the critical point of oxygen delivery.  Figure. 5 shows the 




Figure. 4.  Oxygen consumption and delivery.  Variation of oxygen consumption and delivery 
showing the Schumacker and Samsel graph (green), and the effect of different km values on 




















Figure. 5.  Relationship between oxygen consumption and oxygen delivery.  The critical values 
of oxygen delivery are shown for different values of km = 10, 15, and 25 mmHg. 
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A plot of the critical oxygen delivery versus km is shown in Figure. 6.  The relationship 
between km and critical oxygen delivery is nonlinear, with the critical QO2 increasing with km.   
The oxygen extraction ratio is a way of describing the adequacy of systemic oxygen 
delivery.  The oxygen extraction ratio at the critical oxygen delivery points was plotted against km 
values and shown in Figure. 7.  They exhibit an inverse nonlinear relationship , whereby oxygen 
extraction, expressed as a percentage, decreases as km increases.  In the capillary, when the oxygen 









 The predicted variation of tissue and blood oxygen tension with position in the capillary 
are shown in Figs. 8-11.  The plots were generated for the Schumacker and Samsel model at three 
different oxygen delivery values of  normal, critical, and very low.  To compare these curves with 
Michaelis-Menten oxygen consumption kinetics, the same plots were generated for three values 
of km = 10, 15 and 25 mmHg at three different oxygen delivery values of normal, critical, and a 
very low value.  Figures 8-11 show a decline in tissue and blood oxygen tension along the length 
of the capillary.  Similar declines were observed in all models.  The higher the critical oxygen 
delivery, the lower are the tissue and blood oxygen tension at the end of the capillary. 
 
Figure 7.  The oxygen extraction ratio at the critical oxygen delivery 






Figure 8.  Oxygen tension along the capillary, Schumacker model.  Oxygen tension of blood and 
tissue cylinder are plotted as pairs of curves.  Three different pairs of curves (PO2 Blood, PO2 
Tissue), respectively, are plotted at normal oxygen delivery (red, blue), critical oxygen delivery 
(green, black), below critical oxygen delivery (cyan, magenta).  Normal oxygen delivery is at 
cardiac output of 5000 ml/min; critical oxygen delivery is at cardiac output 800 ml/min; low 





Figure 9.  Oxygen tension along the capillary, using Michaelis-Menten oxygen consumption 
kinetics model, where km = 10 mmHg.  Oxygen tension of blood and tissue cylinder are plotted as 
pairs of curves.  Three different pairs of curves (PO2 Blood, PO2 Tissue), respectively, are plotted 
at normal oxygen delivery (red, blue), critical oxygen delivery (green, black), below critical 
oxygen delivery (cyan, magenta).  Normal oxygen delivery is at cardiac output 5000 ml/min; 








Figure 10.  Oxygen tension along the capillary, Michaelis-Menten oxygen consumption kinetics 
model, where km = 15 mmHg.  Oxygen tension of blood and tissue cylinder are plotted as pairs of 
curves.  Three different pairs of curves (PO2 Blood, PO2 Tissue), respectively, are plotted at normal 
oxygen delivery (red, blue), critical oxygen delivery (green, black), below critical oxygen delivery 
(cyan, magenta).  Normal oxygen delivery is at cardiac output 5000 ml/min; critical oxygen 








Figure 11.  Oxygen tension along the capillary, Michaelis-Menten oxygen consumption kinetics 
model, where km = 25 mmHg.  Oxygen tension of blood and tissue cylinder are plotted as pairs of 
curves.  Three different pairs of curves (PO2 Blood, PO2 Tissue), respectively, are plotted at normal 
oxygen delivery (red, blue), critical oxygen delivery (green, black), below critical oxygen delivery 
( cyan, magenta).  Normal oxygen delivery is at cardiac output 5000 ml/min; critical oxygen 






A summary table of critical oxygen delivery, oxygen consumption, oxygen extraction ratio, 




(ml/min per kg) 
VO2 





PO2=1 mmHg 5.11 5.0 97.85 3.98 
km (mmHg)  
10 6.08 5.0 82.88 11.24 
15 7.70 5.0 64.97 15.05  
25 12.21 5.0 40.95 25.01 
Table 3.  Summary of values of critical oxygen delivery, QO2 crit , oxygen consumption at critical 
oxygen delivery, VO2, oxygen extraction ratio, EO2 crit , venous oxygen pressure PvO2, all as a 


























 The relationship between the oxygen consumption (VO2) of an isolated perfused tissue and 
the rate of delivery of oxygen (QO2) to the tissue has been a subject of interest to many 
investigators over the past century.  A typical finding has been that there was a critical value of 
QO2 below which tissue VO2 began to decline.  Schumacker and Samsel (1989) appear to be the 
first to attempt a theoretical explanation of this relationship based upon the Krogh tissue cylinder 
model and its assumptions.  They reported a computational model in which they were able to 
predict the results of experiments giving the relationship between VO2 and QO2.  Their model 
assumed a simple relationship between VO2 and tissue oxygen tension (PO2), whereby VO2 was a 
constant value, Vmax, for PO2 > 1 mmHg and was zero for PO2 ≤ 1 mmHg.  More recently, Golub 
and Pittman (2012) found that the PO2 dependence of VO2 in vivo was more accurately described 
by a Michaelis-Menten kinetics expression where km ≈ 10 mmHg.  The work presented in this 
thesis extended Schumacker and Samsel’s computational model to include the more accurate 
Michaelis-Menten kinetic description of the PO2 dependence of VO2. 
 The major findings of this project are presented in Table 3.  The critical oxygen delivery 
was found to depend on km, increasing nonlinearly as km increases.  The fractional oxygen 
extraction at the critical QO2 varied with km, where at a higher km, the oxygen extraction (EO2) was 
lower.  The venous oxygen partial pressure (PvO2) also varied with km.  Finally, the radial profile 
of the tissue oxygen tension at the critical QO2 depended on km.  At lower critical oxygen delivery 
and at lower km, the critical radial distance at which tissue oxygen partial pressure was found to be 
km occurred closer to the end of the capillary.  Based on these results, it is important to note that 
the oxygen consumption dependence of oxygen delivery covers a wide range of physiological 
oxygen tension values, as was suggested in previous studies (Golub & Pittman, 2003) 
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Oxygen consumption and delivery 
 
Previous in vivo studies have investigated the dependency of tissue oxygen consumption 
on different factors including blood flow, arterial oxygen tension, oxygen extraction ratio, and 
oxygen delivery.  Schumacker suggested that the decline in tissue oxygen consumption is because 
the tissue oxygen extraction cannot increase below the critical oxygen delivery in proportion to 
the reduced delivery (Schumacker, 1987).  Some studies have shown that below the critical oxygen 
delivery, extraction has been reported to increase further (Cain, 1983), while other studies report 
that the extraction ratio at that threshold is a maximum (Cain, 1983).  Schumacker later suggested 
that tissue oxygen tension becomes hypoxic due to the supply limitation beginning when the 
critical point of PO2 is below 1 mmHg (Schumacker, 1989).  Similarly, an in vitro study measured 
oxygen consumption rates in mitochondrial suspensions and showed that cellular respiration would 
be maintained at either relatively low or high oxygen concentrations as long as the oxygen partial 
pressure was above the critical level of 1 mmHg (Wilson, 1988).  More recently, a study by Golub 
& Pittman study concluded that VO2 was PO2-dependent and approximately followed Michaelis-
Menten kinetics with a km of 10.5 mmHg (Golub & Pittman, 2012). 
Other studies have shown that tissue oxygen consumption depended on blood flow.  For 
instance, Bulkley showed that oxygen consumption is independent of blood flow until the blood 
flow was below 30 ml/min/100 g (Bulkey, 1985).  Hughson’s study established that there is a 
positive correlation between oxygen consumption and blood flow in human forearm muscle, and 
concluded that oxygen consumption can be limited by the availability of oxygen (Hughson, 1996).  
More recent findings by Kalliokoski suggested that there is a good correlation in blood flow and 
oxygen consumption in different muscles during exercise, and that endurance-trained men might 
exhibit a stronger correlation than untrained men (Kalliokoski, 2004). 
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 Other investigators have studied the dependence of tissue oxygen consumption on oxygen 
delivery.  Woerkens studied the critical oxygen delivery at which oxygen consumption starts to 
decline due to excessive blood loss during surgery in an anesthetized human.  He found that the 
critical point is 4.9 ml O2/min per kg and explained that a reduction in oxygen delivery by reduced 
cardiac output is often accompanied by even more decreased blood flow through the 
microcirculation, whereas during hemodilution blood flow is accelerated, owing to the improved 
rheologic properties of blood (Woerkens, 1992).  In animal studies, a critical oxygen delivery was 
found to be 10 ml/min per kg in anesthetized dogs during hypoxia (Cain, 1977; Cain &Chapler, 
1978).  Parolari and his colleague have found a direct linear relationship between oxygen delivery 
and consumption during cardiopulmonary bypass, and under the studied conditions neither a 
biphasic relation nor a plateau level were demonstrated in any patient.  They found that when 
oxygen delivery decreased there was a concurrent reduction in oxygen consumption that was 
entirely dependent on oxygen delivery and was due to an increase in oxygen extraction up to 30%, 
and thus there was a redistribution of blood flow, and some capillary beds became either under-
perfused or not perfused at all.  Above the critical oxygen delivery point, there was a progressive 
increase of oxygen consumption concurrent with the increase of oxygen delivery (Parolari, 1995). 
 The oxygen consumption dependency on oxygen delivery is shown in Figures 4 and 5.  In 
all four plots, similar behaviors are shown in which, as the oxygen delivery was reduced from 
32.23 ml O2/min per kg until just before it reached the critical point, oxygen consumption was 
calculated to be at its maximum.  When the critical QO2 point was reached as oxygen delivery was 
further reduced and a fraction of the tissue cylinder became hypoxic, a non-linear curve appeared 
with a higher km; as a result, overall tissue oxygen consumption decreased.  This can be explained 
by considering the two radial regions of the tissue cylinder volume (i.e., Regions I and II).  were 
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created and was calculated by Michaelis-Menten oxygen consumption kinetics (Eqs. 16-17).  
Region I from r = rc to r = r* was the tissue closest to the capillary and was assumed to have a 
maximum oxygen consumption, Vmax; it was assumed to be in the PO2-independent region for 
which PO2 > km.  Region II from r = r* to r = R corresponded to the outer band of tissue and was 
assumed to be in the PO2-dependent region for which 0 < PO2 < km, and (Eq. 17) showed a non-
linear relationship between the integrated local oxygen tension over the cross-sectional area of the 
tissue cylinder and the oxygen consumption per unit volume over that area.  Thus, r = r* 
corresponded to the interface separating the PO2-independent from the PO2-dependent region.  As 
the capillary oxygen tension decreased toward the end of the capillary, the area of the PO2-
dependent region became larger, leading to a larger faction of tissue volume with PO2 < km.  The 
present results suggest that the value of km will has an influence on the relationship between tissue 
oxygen consumption and oxygen supply as the oxygen delivery is reduced to the critical point.  
However, with Michaelis-Menten kinetics the meaning of the terms “hypoxia” and “normoxia” is 
not as clear-cut as in the case where mitochondrial oxygen consumption is viewed as an “on/off” 
process in regard to a critical mitochondrial PO2; for the Michaelis-Menten kinetic model, km 
becomes the fundamental parameter that specifies how oxygen consumption depends on oxygen 








Oxygen delivery, oxygen extraction ratio, venous oxygen tension and km 
 
Figures 6 and 7 show the predicted relationship between the tissue oxygen tension at 
different km, the critical oxygen delivery, and the oxygen extraction ratio at the critical QO2.  After 
fitting the data, the graphs show that there is an increasing nonlinear relationship between critical 
oxygen delivery as km increases, while the oxygen extraction ratio at critical QO2 decreases with 
increasing km.  This nonlinear relationship can be explained in part by the nonlinear oxygen 
dissociation curve relating hemoglobin oxygen saturation and oxygen tension.  The arterial oxygen 
partial pressure is an important part of the oxygen sensing system that responds to changes in the 
microenvironment.  The oxygen saturation is a relative measurement of the concentration of 
oxygen bound to hemoglobin within the red blood cells.  The fractional oxygen extraction is the 
ratio of the arteriovenous oxygen concentration difference to the arterial oxygen concentration.  
Oxygen delivery (QO2) to a region is defined as the rate at which oxygen moves by convection 
into that region and is the product of blood flow and inflow oxygen content or oxygen 
concentration (Eq. 9).  Neglecting dissolved oxygen in the blood, oxygen concentration or content 
reversibly bound to hemoglobin depends on hemoglobin oxygen saturation and is related to oxygen 
partial pressure, as described by the oxygen dissociation curve.  The venous oxygen partial 
pressure was found to be higher when the critical oxygen delivery was higher (which was the case 
for higher values of km), and ranged between 11.2 and 25.0 mmHg.  The earlier along the capillary 
that this km is reached, the critical oxygen delivery is reached, and the greater the fractional volume 







Oxygen tension profiles 
 
 The oxygen tension profiles along the capillary for the different values of km are shown in 
Figs 8-11.  The behavior of the Krogh model in regard to axial or longitudinal tissue and capillary 
PO2 profiles were as expected, where both the blood and tissue oxygen tension decrease along the 
capillary.  Generally, for the four different values of km normal oxygen delivery shows a lower 
reduction in oxygen tension than at the critical point and at very low or insufficient delivery.  The 
main difference between all four curves was that the blood and tissue oxygen tension at the critical 
oxygen delivery shows different behavior.  At lower km, the blood and tissue oxygen tension 
profiles along the capillary were reduced greatly compared to normal oxygen delivery.  At higher 
km, the blood and tissue oxygen tension profiles along the capillary were close to the behavior of 
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